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Abstract 

The notion of intuitionistic fuzzy sets was introduced by Atanassov as a gen- 
eralization of the notion of fuzzy sets. S.K Sardar and S.K. Majumder unified the 
idea of fuzzy translation and fuzzy multiplication of Vasantha Kandasamy to in- 
troduce the concept of fuzzy magnified translation in groups and semigroups. The 
purpose of this paper is to intuitionistically fuzzify(by using Atanassov's idea) the 
concept of fuzzy magnified translation in semigroups. Here among other results we 
obtain some characterization theorems of regular, intra-regular, left(right) regular 
semigroups in terms of intuitionistic fuzzy magnified translation. 

AMS Mathematics Subject Classification(2000): 08A72, 20M12, 3F55 
Key Words and Phrases: Semigroup, (Left, right) regular semigroup, Intra- 
regular semigroup, Archimedean semigroup, Intuitionistic fuzzy magnified transla- 
tion, Intuitionistic fuzzy subsemigroup, Intuitionistic fuzzy bi-ideal, Intuitionistic 
fuzzy (l,2)-ideal, Intuitionistic fuzzy left(right) ideal, Intuitionistic fuzzy semiprime 
ideal. 

1 Introduction 

A semigroup is an algebraic structure consisting of a non-empty set S together with 
an associative binary operation|3j. The formal study of semigroups began in the early 
20th century. Semigroups are important in many areas of mathematics, for example, 
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coding and language theory, automata theory, combinatorics and mathematical analy- 
sis. The concept of fuzzy sets was introduced by Lofti Zadeh^i6\ in his classic paper in 
1965. Azirel Rosenfeld[ll] used the idea of fuzzy set to introduce the notions of fuzzy 
subgroups. Nobuaki Kuroki^ 13 [9] is the pioneer of fuzzy ideal theory of semigroups. 
The idea of fuzzy subsemigroup was also introduced by Kuroki^ [U]. In [5], Kuroki 
characterized several classes of semigroups in terms of fuzzy left, fuzzy right and fuzzy 
bi-ideals. Others who worked on fuzzy semigroup theory, such as X.Y. Xie\14:\ 115] . 
Y.B. Junj^[5], are mentioned in the bibliography. The notion of intuitionistic fuzzy 
sets was introduced by Atanassovm [2] as a generalization of the notion of fuzzy sets. 
In this paper we introduce the notion of intuitionistic fuzzy magnified translation in 
semigroups and observe some of its important properties. Here we characterize reg- 
ular, intra-regular and left (right) regular semigroups in terms of intuitionistic fuzzy 
magnified translation. Finally we also observe that intuitionistic fuzzy translation and 
intuitionistic fuzzy multiplication are the particular cases of intuitionistic fuzzy mag- 
nified translation. 

2 Preliminaries 

In this section we discuss some elementary definitions that we use in the sequel. 

If {X, *) is a mathematical system such that Va, b,c X, {a * b) * c = a * {b * c), 
then * is called associative and {X, *) is called a semigroup^TO]. 

Throughout the paper unless otherwise stated S will denote a semigroup. 

A non-empty subset ^ of a semigroup S is called a subsemigrouplS] of S if AA C A. 

A subsemigroup j4 of S" is called a bi-ideal^ of S if ASA C A. 

A subsemigroup j4 of 5 is called an (1, 2)-ideal^ of S if ASAA C A. 

A left {right) ideal'^LQl of a semigroup S* is a non-empty subset I oi S such that 
5/ C J [IS CI). If / is both a left and a right ideal of a semigroup S, then we say 
that / is an zdeo/[lO] of S. 

A fuzzy subset[lQ\ in 5 is a function n : S — > [0, 1]. 

Let /U be a fuzzy subset of a set X and a € [0, 1 — sup{/i(x) : x € X}]. A mapping 
fi^ : X ^ [0, 1] is called a fuzzy translation[6\ of fi if (a;) = fi{x) + a for all x £ X. 

Let fi he a. fuzzy subset of a set X and /3 € [0, 1]. A mapping fi'^^ : X — )• [0, 1] is 
called a fuzzy multiplication^ of fi if fi^{x) = j3 ■ ^{x) for all x G X. 

Let /i be a fuzzy subset of a set X, a € [0, 1 — sup{/u(a;) : x G X}] and /3 G [0, 1]. 
A mapping : X — )• [0, 1] is called a fuzzy magnified translation^^ of /x if /i^Q,(a;) = 
j3 ■ + a for all x £ X. 

A non-empty fuzzy subset of a semigroup S is called a fuzzy subsemigroup^^ of 
S ii n{xy) > min{/i(x), /i(y)}Vx, y G S. 
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A fuzzy subsemigroup /i of a semigroup S is called a fuzzy bi-ideal^\ of S if 
fi{xyz) > mm{ fi{x), fi{z)}\/x,y, z € 5. 

A fuzzy subsemigroup /i of a semigroup is called a /w^^^y (1, 2)-zdeaZ[10j of S if 
fi{xuj{yz)) ^ min{/i(x),;u(y),^(z)}V3;,tJ,?/,z G S". 

A non-empty fuzzy subset ^ of a semigroup S is called a /uz^y left{right) ideal\W\ 
of S* if fJ,{xy) > ^(y)(resp. fJ,{xy) > fJ-{x)) Vx,y € S. 

A non-empty fuzzy subset of a semigroup S is called a fuzzy two-sided ideal or a 
fuzzy ideal\10\ of S" if it is both a fuzzy left and a fuzzy right ideal of S. 

A fuzzy ideal /i of a semigroup S is called a fuzzy semiprime ideal'^ of 5 if 
fj,{x) > fi{x'^)\/x £ S. 

Atanassov introduced in yj |2] the concept of intuitionistic fuzzy sets defined on a 
non-empty set X as objects having the form 

^ = {< X, HAix), i^Aix) >: x £ X}, 

where the functions fiA : -'l^ ^ [0, 1] and va ■ X ^ [0, 1] denote the degree of member- 
ship and the degree of non-membership of each element x £ X to the set A respectively, 
and < ha{x) + i^Aix) < 1 for all x £ X. 

Such defined objects are studied by many authors and have many interesting ap- 
plications in mathematics. 

Let A and B be two intuitionistic fuzzy subsets of a set X. Then the following 
expressions are defined in [H [2] . 

(i) A B if and only if ha{x) < tJ-six) and I'Aix) > vb{x), 

(a) A = B ii and only ii A C B and B C A, 

(Hi) AP = {< x,va{x)^\xa{x) >: X € X}, 

(iv) A n i? = {< X, min{/Uyi(x), ^b(x)}, max{i/yi(x), j^b(x)} >: x G X}, 
iv) AV} B = {< X, max{/i^(x), ^5(2;)}, min{i/^(x), z^b(x)} >: x G X}. 

Prom the definition it follows that A fi i? is the same as [xa ^I^b and va^vb- Also 
A U i? is the same as \xa^ \^B and H I'-b- 

For the sake of simplicity, we shall use the symbol A = (fiA, t^a) for the intuitionistic 
fuzzy subset A = {< x, ^a{x)-,i'a{x) >: x G X}. 

A non-empty intuitionistic fuzzy subset A = {^a-, i^a) of a semigroup S is called an 
intuitionistic fuzzy subsemigroup of S if {i) fiA{xy) > min{/iyi(x), /UA(y)}Vx, y G S, {ii) 
i^A{xy) < max{uAix),i^A{y)}yx,y G S. 

An intuitionistic fuzzy subsemigroup A = (ha, ^a) of a semigroup S is called an 
intuitionistic fuzzy bi-ideal of S if (i) fiAixyz) > min{fj,A{x), fiA{z)}yx,y, z G S, (ii) 
VAixyz) < inax{i>A{x),i'A{z)}yx,y, z G S. 

An intuitionistic fuzzy subsemigroup A = (f^A, ^a) of a semigroup S" is called an in- 
tuitionistic fuzzy {1,2) -ideal oi S if (i) fiA{xuj{yz)) ^ min{/iA(a^), /^^(y); Ma(-2)}Vx, w, y 
,z G 5, (ii) ^ max{u a^x), u Aiy), Aiz)}^ x, u, y, z G S. 
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A non-empty intuitionistic fuzzy subset A = {ha, va) of a semigroup S is called an 

intuitionistic fuzzy left{right) ideal of S if (i) fiA{xy) > fi{y){vesp. fiA{xy) > ij,a{x)) 
yx,y £ S, (a) UA{xy) < z^A(y)(resp. i^Aixy) < i^a{x)) Vx,y € S. 

A non-empty intuitionistic fuzzy subset A = {ha, i'a) of a semigroup S is called an 
intuitionistic fuzzy two-sided ideal or an intuitionistic fuzzy ideal of S if it is both an 
intuitionistic fuzzy left and an intuitionistic fuzzy right ideal of S. 

An intuitionistic fuzzy ideal A = (ha, ^a) of a semigroup S is called an intuitionistic 
fuzzy semiprime ideal of S if (i) ij,a{x) > ij,a{x'^)^x G S, (ii) VAix) < i^yi(x^)Va; € S". 



3 Main Results 

Definition 3.1. Let A = (iiAit^A) be an intuitionistic fuzzy subset of a set X, a E 
[0, inf{i/^(x) : x € X}]. An object having the form = ((m^)^, (z^^)^) is called an 
intuitionistic fuzzy translation of A if (/xa)J(x) = /Lt^(x) -|- a and {uA)a{x) = i^a{x) — a 
for all X e X. 

Definition 3.2. Let A = {ha, i'a) be an intuitionistic fuzzy subset of a set X, P e 

[0, 1]. An object having the form A'^ = {{ha)^^ , {^a)^) is called an intuitionistic fuzzy 
multiplication of A if (/x^)^(x) = /3 • ha{x) and {va)^ {x) = j3 ■ va{x) for all x £ X. 

Definition 3.3. Let A = {ha,'i-'a) be an intuitionistic fuzzy subset of a set X, a G 
[0,inf{/3 • ua{x) : x € X}], where (3 € [0,1]. An object having the form A'^^ = 
((AiA)^Q,, {^A)'^a) called an intuitionistic fuzzy magnified translation of ^ if {HA)^a^x) = 
13 ■ ha{x) + OL and {vA)'^(Jyx) = /? • va{x) — a for all x ^X. 

Example 1. Let X = {1,lo,lo'^}. Let A = (iia,i^a) be an intuitionistic fuzzy subset of 
X, defined as follows 



flA{x) = < 



0.3 if X = 1 
0.1 if X = a; and VAix) = < 
0.5 ifx = a;2 



0.4 if X = 1 
0.25 ifx = w 
0.3 if X = ^2 



Let a = 0.04 and /3 = 0.2. Then the intuitionistic fuzzy magnified translation of A 
is given by 



Mfiaix) = { 0.06 if X = w and (z^A)^a(a; 




2 I n m ^ — ^2 
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In what follows unless otherwise mentioned A = {p,a,'^a) denotes a non-empty in- 
tuitionistic fuzzy subset of S and A*^^ denotes the intuitionistic fuzzy magnified trans- 
lation of A where /3 G (0, 1], a G [0, 'mf{P ■ UAix) : x E Supp{uA)}]- It can be noted here 
that A'^^ is also non-empty. 

Theorem 3.4. The intuitionistic fuzzy magnified translation A'^^ = {{iJ'a)^^, {^A)'^a) 
of A= {fj,A, I'a) is an intuitionistic fuzzy subsemigroup of S if and only if A = [ha, i'a) 
is an intuitionistic fuzzy subsemigroup of S. 
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Proof. Let A = {/jla, va) be an intuitionitic fuzzy subsemigroup of a semigroup S. Then 
^ is a non-empty intuitionistic fuzzy subset of S{P > 0). Hence A'^^ is also non-empty. 
Now for x,y E S, 

{lJ'A)$a{^y) = P ■ I^A{xy) + a 

> f3 ■ min{/x^(a;), fj,A{y)} + a (since A is an intuitionistic fuzzy 
subsemigroup of S) = min{/3 • fJ,A{x) + a, /3 ■ fJ-Aiv) + a} 
= min{(/XA)^a(x), (MA)^a(y)} 

and 

{^A)^aixy) = 1^ ■ ^A{xy) - a 

< j3 ■ max{z>^(.T), z/^(y)} — a(since A is an intuitionistic fuzzy 
subsemigroup of S) = max{/? • i>a{x) — a, /3 ■ VAiy) — 01} 
= max{{iyA)^aix), (z^A)^a(2/)}- 

Hence A'^^ = ((^a)^^, i^A)^a) intuitionistic fuzzy subsemigroup of S. 

Conversely, let A'j^^ = be an intuitionistic fuzzy subsemigroup of 

S. Then A^^ and hence A is a non-empty fuzzy subset of S. Now for all x,y E S, 

M%{xy) > TiA^{{iiA)%{x), 
i.e., p.fj,A{xy) + a> mm{l3.fiA{x) + a,p.fXA{y) + a} 
i.e., p.fj,A{xy) +a> p. min{/7,A(.x), + a 

i.e., HAixy) > min{/XA(a;),)UA(y)} 

and 

i.e., l3.fiA{xy) — a < max{/3.z^^(a;) — a, (i.VAiy) — 01} 
i.e., l3.VA{xy) - a< (3. max{z^^(x), i^A{y)} - a 
i.e., UA{xy) <max{iyA{x),UAiy)} 

Hence A = {fiA,i^A) is an intuitionistic fuzzy subsemigroup of S. □ 

Theorem 3.5. The intuitionistic fuzzy magnified translation A'^^ = ((ma)^q) (^^)^a) 
of A = (ha, i^a) is an intuitionistic fuzzy bi-ideal of S if and only if A = {ha, i'a) is an 

intuitionistic fuzzy bi-ideal of S. 

Proof. Let A = (patJ^a) be an intuitionistic fuzzy bi-ideal of a semigroup S. Then 
A is an intuitionistic fuzzy subsemigroup of S and hence, by Theorem 3.4, Ag^ is an 
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intuitionistic fuzzy subsemigroup of S. Now for x,uj,y G S, 

(MA)^Q;(a;wj/) = P ■ jiA{xojy) + a > /3 • vain{iiA{x), fJ-Aiv)} + a 

(since A is an intuitionistic fuzzy 
bi-ideal of S) 

= min{/3 • /mCt) + a, (3 ■ /^^(y) + a} 
= min{(/i^)g^(x), (//A)^a(2/)}. 

and 

i'^A)'^ai^^y) = P ■ ^Aixujy) - a<P- laaxlvAix), I'Aiv)} - a 

(since A is an intuitionistic fuzzy 
bi-ideal of S) 

= max{^ • VAix) -a,P- VA{y) - a} 
= m.&^{{vA)%{x), {yA)%{y)}- 

Hence A^*^ = {{n^)^^, (2^a)^q,) is an intuitionistic fuzzy bi-ideal of S. 

Conversely, let A^^ = ((/^a)^^' intuitionistic fuzzy bi-ideal of S. 
Then A*^^ = ((AtA)^^' (^-4)^a) intuitionistic fuzzy subsemigroup of 5, and hence 

by Theorem 3.4, A = {fiA, va) is an intuitionistic fuzzy subsemigroup of S. Now for all 

x,uj,y e S, 

M'^aixujy) > min{(/XA)g,(a;),(/XA)g,(y)} 
i.e., l3.fiAixu}y) + a> imn{p. fj,A(,x) + a,p.fj,A{,y) + a} 
i.e., p.fiAixujy) + a > /3. min{^A(a;), ^A(y)} + a 
i.e., fiA{xujy) > min{/XA(a;), /xa(j/)} 

and 

i'^A)'j^aix^y) < max{(z/A)^a ('^A)^a(y)} 

i.e., /3.z^yi(.TC<jy) — a < max{/3.i/^(,T) — a, l3.UA{y) — 
i.e., j3.UA{xujy) - a < (5. max{iyA{x), lyAiv)} - a 
i.e., UA{xujy) < max{z^^(x),z^A(y)} 

Hence A = (jj^AjI^a) is an intuitionistic fuzzy bi-ideal of S. □ 

Theorem 3.6. Let A = {ij,a,J^a) be a non-empty intuitionistic fuzzy subset of a semi- 
group S. Then A = (patJ^a) is an intuitionistic fuzzy bi-ideal of S if and only if the 
intuitionistic fuzzy magnified translation A'^^ = ((a*a)^q,) (^a)^q,) of A is a constant 
function, provided S is a group with identity e. 



6 



Proof. Let A = {fJ-A, i^a) be an intuitionistic fuzzy bi- ideal of S. Then 

(^A)^a(^) = ■ f^Aix) + a = P ■ fj,A{exe) + a(since e is the identity of S) 

> /3 • inm{iiA{e), fiA{e)} + a(since A is an intuitionistic fuzzy 
bi-ideal of 5) = /3 • /iA(e) + a = (^A)|ga(e) 

Again 

(/LtA)^„(e) = (^A)|ga(ee) = /3 • /iA(ee) + Q;(since e is the identity of S) 

= P ■ ^a{{xx'^){x~'^ x)) + a 
= (5 ■ fiA{x{x^^x^^)x) + a 

> j3 ■ min{;Uyi(x), /iyi(x)} + a (since A is an intuitionistic fuzzy 
bi-ideal of 5) = /3 • iia{x) + q = (^A)^a(^)- 

Thus {p.A)^a{x) = (m)^„(e) Vx € S. Similarly we can show that {i'a)%{x) = (z^A)^„(e) 
Vx € 5. Hence is a constant function. 

Conversely, suppose A^^ is a constant function. Then A'^^ is an intuitionistic fuzzy 
bi-ideal of S^. Hence by Theorem 3.5, A is an intuitionistic fuzzy bi-ideal of 5. □ 

Note 3.7. For the converse to be true, S need not be a group. 

Theorem 3.8. The intuitionistic fuzzy magnified translation A'^^ = {{fiA)^ay 

of A = (/xa,i^a) is an intuitionistic fuzzy {l,2)-ideal of S if and only if A = {iia-,i^a) 

is an intuitionistic fuzzy (1,2) -idea/ of S. 

Proof. Let A = {iiatI^a) be an intuitionistic fuzzy (l,2)-ideal of S. Then A is an 
intuitionistic fuzzy subsemigroup of S. Hence, by Theorem 3.4, A*^^ is an intuitionistic 
fuzzy subsemigroup of S. Now for x,y,z,uj G S, 

{l^A)0ai^^(.y^)) = P ■ l^A{xuj{yz)) + a 

> f3 ■ min{/iA (x) , ^a (y ) , /"A (^) } + « 
(since A is an intuitionistic fuzzy (l,2)-ideal of S) 
= min{/3 • fiA^x) + a, /3 • ^a(2/) + a,/3 ■ ^ia{z) + a} 
= min{(^A)^„(a;), {^lAfpa{y)^ {i^a)%{z)}. 

and 

{vA)^a{xuj{yz)) = /3 • VA{xuj{yz)) - a 

< 13 ■ max{z^A(a:), i^Aiy),i^Aiz)} - a 
(since A is an intuitionistic fuzzy (l,2)-ideal of S) 
= max{/3 • i^Aix) — a, j3 ■ VA{y) — Q.., fi ■ va{z) — a} 

= max{(l/A)^a(2;), (l^A)^a(y)> {^A)^a{z)}- 
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Hence A'j^^ = ((Ai^)^^, i^Aj'pa) intuitionistic fuzzy (1, 2)-ideal of S. 

Conversely, let A'^^ = ((/^a)^^' (^^)^a) ^® intuitionistic fuzzy (l,2)-ideal of S. 
Then A<^^ = {{fiA)^^, {i^a) ^a) intuitionistic fuzzy subsemigroup of S, and hence 

by Theorem 3.4, A = (iiA,t^A) is an intuitionistic fuzzy subsemigroup of S. Now for all 

x,uj,y,z G S, 

/3.HAixuj{yz)) + a > mm{(3.fiA{x) + a, p.^Aiy) + (3.h,a{z) + a} 
l3.iXA{xijj{yz)) + a>l3. mm.{^iA{x), ^i.A{y), /"^(z)} + a 
i.e., HA{xuy) > mm{nAix), HA{y), IJ-Aiz)} 

i^A)9aix^{yz)) < max{(i/'^)?Q, 
p.i'A{xuj{yz)) - a < max{/3.UA{x) - a,l3MA{y) - a,l3.UA{z) - a} 
p.UA{xijj{yz)) - a < 13. max{i^A(-T), i^A{y),i^A{z)} - a 
i.e., i'Aixuj{yz)) < mSix{i'A{x),i^A{y),i^A{z)} 

Hence A = {ha, i^a) is an intuitionistic fuzzy (1, 2)-ideal of S. □ 

Theorem 3.9. The intuitionistic fuzzy magnified translation A'^^ = ((AtA)^Q,, (^^a))^„) 
of A = (hajI^a) is an intuitionistic fuzzy left ideal{intuitionistic fuzzy right ideal, in- 
tuitionistic fuzzy ideal) of S if and only if A = (ha, ^a) is an intuitionstic fuzzy left 
ideal{resp. intuitionistic fuzzy right ideal, intuitionstic fuzzy ideal) of S. 

Proof. Let A = [ha-.'^a) be an intuitionistic fuzzy left ideal of S. Then A = (pajJ^a) 
is a non-empty intuitionistic fuzzy subset of S. Hence, as /3 > 0, A'^^ is a non-empty 
intuitionistic fuzzy subset of S. Let x,y G S. Then 

il^A)0aixy) = ■ l^A{xy) +a>(3- HA{y) + a = {lJ'A)%{y) 

and 

{^A)%{xy) = P ■ VA{xy) - a < /3 • UA{y) - a = (j^A)^a(y)- 
Hence A^^ = {{ij^a)^^^ i^A)']}^) intuitionistic fuzzy left ideal S. 

Conversely, let vl^^ = {{li'A)^a-'i^A)^a) intuitionistic fuzzy left ideal of S. 

Then A*^^ and hence ^ is a non-empty intuitionistic fuzzy subset of S. Now for all 
x,y eS, 

{liA)^aixy) ^ {lJ'A)paiy)^i-^-^ P-I^A{xy) + a> p./J-Aiy) + a,i.e., HA{xy) > fiA{y) 
and 

{^A)'^a{xy) < (i^A)^a(y)>^-e-, l3-i^A{xy) - a < p.uA{y) - a,i.e., UA{xy) < VA^y)- 

Hence A = (ha, va) is an intuitionistic fuzzy left ideal of S. Similar is the proof for 
intuitionistic fuzzy right ideal or intuitionistic fuzzy ideal. □ 



and 



I.e. 
i.e. 



I.e., 
i.e.. 
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Theorem 3.10. The intuitionistic fuzzy magnified translation A'^^ = {{iJ'a)'^^^ i^Aj^a) 
of A = {fiA,i^A) is an intuitionistic fuzzy semiprime ideal of S if and only if A = 
{fiA,J^A) is an intuitionistic fuzzy semiprime ideal of S. 

Proof. Let A = (/x^,i/yi) be an intuitionistic fuzzy semiprime ideal of S. Then A = 
{HA, va) is a non-empty intuitionistic fuzzy subset of S. Hence A^^ is a non-empty 
intuitionistic fuzzy subset of S{I3 > 0). Let x S. Then 

il^A)pai^) = P ■ I^a{x) + a > /3 • HAix'^) + a = (/iA)^a(a3^) 

and 

Hence A'^^ = {{iJ'a)'^^^ (^^)iaa) intuitionistic fuzzy semiprime ideal of S. 

Conversely, let A^^ = ((/xa)^^, ( 

^a)^cJ intuitionistic fuzzy semiprime ideal of 

S. Then A"^^ and hence ^4 is a non-empty intuitionistic fuzzy subset of S. Then for all 

X £ S, 

(A*A)^a(a^) > W)^a(a3^),i-e., P.ha{x) + a> p.fiAix'^) + a,i.e., fiAix) > 11a{x^)- 
and 

{vA)^a{x) < (z^A)^a(^^))^-e-, P-i^a{x) - « < PMAix"^) - a, i.e., i^Aix) < i^Aix"^)- 

Hence A = (fiA, ^a) is an intuitionistic fuzzy semiprime ideal of S. □ 

Theorem 3.11. Let A = (/xyi,!^^) and B = {ubiI'b) be two intuitionistic fuzzy 
semiprime ideals of S. Then A H B is an intuitionistic fuzzy semiprime ideal of S, 
provided it is non-empty. 

Proof. Let A = [jiA, ^a) and B = {f^B,i^B) be two intuitionistic fuzzy semiprime ideals 
of S and x G S. Then 

(/XA n/XB)(x) = min{fj,A{x),HB{x)} > mmliiAix"^), IJ'b{x'^)} 

(since A and B are intuitionistic fuzzy semiprime ideals of S) 
= (/XA n/XB)(a;^) 

and 

{vA U i'B)ix) = max{i/A(x), 1^5(2;)} < max{z/^(a;^), ^-5(0;^)} 

(since A and B are intuitionistic fuzzy semiprime ideals of S) 

= (z/aUz/b)(x2). 

Hence fl S is an intuitionistic fuzzy semiprime ideal of S. □ 

Since the intersections of intuitionistic fuzzy semiprime ideals is an intuitionistic 
fuzzy semiprime ideal, so we have the following corollary. 
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Corollary 3.12. Let A = (fiAjV^) and B = [iiB^fs) be two intuitionistic fuzzy 
semiprime ideals of S. Then A*^^ n i?^^ is an intuitionistic fuzzy semiprime ideal of S, 
provided it is non-empty. 

Notation 3.13. Let A = {^a-,^a) be an intuitionistic fuzzy subset of a semigroup S 
and A*^^ = {{fJ'A)^^^ (^a)^^) intuitionistic fuzzy magnified translation of A. If 

for any elements x,y e S, {nA)^ai^) = ilJ-Aj^aiv) {^A)'jai^) = {T^A)%{y), then we 
write A^^{x) = A'^^{y) \/x,y G S. 

Theorem 3.14. If A = is an intuitionistic fuzzy semiprime ideal of a semi- 

group S, then A^^{x) = A^^{x^) Vx G S. 

Proof. Let A = {fj,A, i^a) be an intuitionistic fuzzy semiprime ideal of S. Let x G 5. 
Then 

(/^A)^a(x) = /3 ■ fiA{x) + a > /3 • ha{x^) + a = {nA)pai^^)- 

Again 

> (3 ■ /U^(x) + a (since A is an intuitionistic fuzzy ideal) 
= (^A)^a(a;). 

Consequently, {fJ'A)'j^a(^) ~ (/^-4)^q(^^) ^ Similarly we can show that {i^A)'^ai^) ~ 
Vx G S. Hence = A'^^{x^) Vx G 5. □ 

By routine verification we can have the following theorem. 

Theorem 3.15. Let x be the characteristic function of a non-empty subset A of S. 
Then A is a left{resp. right) ideal of S if and only if (XiX) is an intuitionistic fuzzy 
left{resp. right) ideal of S. 

Definition 3.16. A semigroup 5 is called intra-regular^ if for each element a of S, 
there exist elements x,y ^ S such that a = xa^y. 

Theorem 3.17. For a semigroup S the following conditions are equivalent: 

(1) S is an intra-regular semigroup, 

(2) for every intuitionistic fuzzy ideal A = {^a^^a) of S the intuitionistic fuzzy 
magnified translation A^^ = ((/^a)^q,j {^a)'^^) '^'^ intuitionistic fuzzy semiprime 
ideal of S. 

Proof. (1) =^ (2) : Let A = {^a-,t^a) be an intuitionistic fuzzy ideal of S and m ^ S. 
Then there exist x,y (z S such that m = xm^y (since 5 is intra-regular). Then 

= {l^A)%{xnn?y) = /3 • HA{xm^y) + a 

> (3 ■ HAim^y) + a> (3 ■ ^a("t.^) + a = (/Ua)^q,("i^) 
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and 



< f3 ■ UA{m^y) -a<l3- VA^jn^) -a = {uAfpaim^) 

Hence A^^ = (z^a)^^) is an intuitionistic fuzzy semiprime ideal of S. 

(2) =^ (1) : Let m be any element of S. Then it follows that the intuitionistic fuzzy 
subset A = {x<m?>^X<m?>) of principal ideal < > of ^(generated by m?) is 
an intuitionistic fuzzy ideal of S{ where x<m?> is the characteristic function of the 
principal ideal < > of S*). From (2), A^^ is an intuitionistic fuzzy semiprime ideal 
of S. Hence A = {ha,va) is an intuitionistic fuzzy semiprime ideal of S{cf. Theorem 
3.10). So A^^{m) = A^^{w?){cf . Theorem 3.13). Hence x<m?> ("i) = X<m?> ("i^) and 
X<m2> ("T-) = X<m2> {^^)- Since G< >, we have x<m?> ("^) = X<m2> ("i^) = 1 
and X<m2> ("i) = X<m?> ("^^) = 0. So m €< >= {vn?} U U m^S U SvnP'S. This 
shows that S is intra-regular. This completes the proof. □ 

Definition 3.18. A semigroup S is said to be left {right) regular^ if, for each element 
a of 5, there exists an element in 5" such that a = xa^(resp. a = a?x). 

Theorem 3.19. For a semigroup S the following conditions are equivalent: 

(1) S is a left regular semigroup, 

(2) for every intuitionistic fuzzy left ideal A = {iia-, i^a) of S the intuitionistic fuzzy 
magnified translation A^^ = ((/iA)^^, {^A)^a) of A = {ha,i^a) is an intuitionistic fuzzy 
semiprime ideal of S. 

Proof. (1) =^ (2) : Let A = {^a-,i^a) be an intuitionistic fuzzy left ideal of S. Then by 
Theorem 3.11, A^^ is an intuitionistic fuzzy left ideal of S. Let m E S. Then there 
exists an element x G S such that m = xm^ (since S is left regular). Then 

{liA)%{'m) = f3 ■ fj.A{m) + a = /3 ■ ^iA{xn?) + a 

> j3 ■ /Uyi(m^) + a (since A is an intuitionistic fuzzy left ideal of S) 

and 

(j^a)^q,(?7i) = /3 • i^A{m) -a = P ■ UAixm^) - a 

< (3 ■ i'A{m'^) — a (since A is an intuitionistic fuzzy left ideal of S) 
= (z^A)^a(m'). 

Hence A'^^ = ((^a)^q,; i^A)^^) intuitionistic fuzzy semiprime ideal of S. 

(2) (1) : Suppose (2) holds. Let m be any element of S. Then it follows that the 
intuitionistic fuzzy subset A = (x<m2|; X<m2|) of the left ideal < m^l of ^(generated by 
m^) is an intuitionistic fuzzy left ideal of S{ where X<m'^\ is the characteristic function 
of the left ideal < of S). From (2), A'^^ is an intuitionistic fuzzy semiprime ideal 
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of S. Hence A = (/i^,z^yi) is an intuitionistic fuzzy semiprime ideal of S{cf. Theorem 
3.10). So yl^^(m) = A^^{m?){cf . Theorem 3.13). Hence X<m2|("i) = X<m2|("i^) and 
X<m?\{m) = X<m^\{m'^)- Now since e< m^l, we see that x<m?\ {m) = X<m?\ ("i^) = 
1 and X<m?\ (™) — X<m?\ {fn^) = 0. Hence m G< m?\ = {m^} U Sm? . This shows that 
S is left regular. This completes the proof. □ 

In a similar way we can prove the following theorem. 

Theorem 3.20. For a semigroup S the following conditions are equivalent: 

(1) S is a right regular semigroup, 

(2) for every intuitionistic fuzzy right ideal A = (ha, ^a) of S the intuitionistic fuzzy 
magnified translation A'^^ = {{fi'A)'^^, ('^a)^^) ^ '^^ intuitionistic fuzzy semiprime 
ideal of S. 

Definition 3.21. A semigroup S is called archimedean^ if for all a, 6 S 5, there exists 
a positive integer n such that a" G SbS. 

Theorem 3.22. Let A = (fiAjJ^A) o-n intuitionistic fuzzy semiprime ideal of an 
archimedean semigroup S. Then A^^ = {{pA)'^a^ ^ constant function. 

Proof. Let m,n S. Then S being archimedean, there exists a positive integer k such 
that m*^ = xny for some x,y £ S. Now since A = (/i^,i/^) is an intuitionistic fuzzy 
semiprime ideal of S, so by Theorem 3.8, A'^^ is an intuitionistic fuzzy semiprime ideal 
of S. Then 

(MA)^a("i) > (/iA)^a("^'') = {l^A)^aixny) = /3 • HA{xny) + a 
> (3 ■ fiA{n) + a = (^A)^a(?^). 

Using the duality of m and n we deduce that (^A)^a("') — (/^-4)^o("^)- Thus (/iA)^Q("i) = 
{l^A)^a{n) ym,n € S. Applying similar argument we can show that (z^a)^q,("^) ~ 
(j/a)^q,("') V"^)"- £ S. Hence A^^ is a constant function. □ 

Definition 3.23. A semigroup 5 is called regular^ if for each element a of S, there 
exists an element x £ S such that a = axa. 

Definition 3.24. Let 5 be a semigroup. Let A = {ha,i^a) and B = {hb,i^b) be two 
intuitionistic fuzzy subsets of S. Then the product A o B oi A and B is defined as 

Ao B = {< X, {nA o f^B)ix), {vA o vb){x) >:xeS] 

sup [viini{iJLA{u), iib{v)} : n, u G 5] 

x=uv 

0, if for any u,v £ S ,x uv 
inf [max{z^A('u), i^b('u)} :u,v £ S] 

';=uv 

1, if for any u,v £ S , x ^ uv 



where {fiA ° 1^b){x) 
and {vA ° ^'b){x) - 
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Theorem 3.25. // the semigroup S is both regular and intra-regular then 

(1) osg^ D n 

(2) {A^^ o B^J n o A'^J D A^^ n Sg^, where A = {ha, i^a) and B = {hb, ^b) 
are intuitionistic fuzzy bi-ideals of S. 

Proof Let A = {jj-a^'^a) cind B = (i-Ibi'^b) s^ve intuitionistic fuzzy bi-ideals of S and 
a G S. Then there exist x,y, z € S such that a = axa = axaxa (since S is regular) = 
ax(ya^z)xa(since S is intra-regular) = {axya){azxa). Now 

HAiaxya) > min{/i^(o), /Xyi(a)}(since A is intuitionistic fuzzy bi- ideal of S) = /x^(a) 

and 



VAiaxya) < max{i/^(a), i^yi(a)}(since A is intuitionistic fuzzy bi-ideal of S) = i^Aia)- 
Similarly we can have /^^(azxa) > fiBio-) and VBio-zxa) < vb{p)- Then 
(W)g, o (/XB)g,)(a) = sup min{(/XA)^a(p), {l^B)%{q)} 

a=pq 

= sup min{^ • //^(p) + a,j3 ■ iJLB{q) + "} 

a=pq 

= ^ • sup min{/XA(p), liB{q)} + a 

a=pq 

> P ■ min{/x^ (axyo), /xs(aza;a)} -|- Q;(since a = {axya){azxa)) 

> P ■ min{/x^(a), /^^(a)} -|- Q;(since A and B are intuitionistic 
fuzzy bi-ideals of S) = min{/3 • /^^(fi) + a, P ■ fj,B{a) + a} 

= mm{{nA)^^{a), {hb)^M } = {M^a ^ (/^B)?a)(«) 

again 

((^^A)g, o (z.B)g^)(a) = inf max{(z/A)^„(p),(i/B)g,(g)} 

a=pq 

= inf max{/3 • i^aCp) — a, P ■ vsig) — «} 
= P ■ inf max{z/A(p), i^B(g')} - a 

a=pq 

< P ■ m.ax.{uA{axya), z/s(aza;a)} — a(since a = {axya){azxa)) 



< P ■ max{z>^(a), j^b(q)} — a (since A and B are intuitionistic fuzzy 
bi-ideals of S) = max{/3 • /^^(a) — a, /3 • vb{o^) — a} 
= max{(z/A)g,(a), (i^B)?a(a) } = {{ua)% U (i^B)g,)(a) 

Hence A'^^ °^^a (-'^) follows. Similarly we can prove that B^^ 

oA'^^ D A'^a^-^^a- Combining these two results we can obtain (2). This completes the 
proof. □ 
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Theorem 3.26. // the semigroup S is both regular, intra-regular and left regular then 

(2) (^^^ o B^J n (Sg^ o A^J D A^^ n where A = {^a, i^a) and B = {hb, vb) 
are intuitionistic fuzzy {l,2)-ideals of S. 

Proof. Let A = {^a-, i^a) and B = {^b, ^b) are intuitionistic fuzzy (1, 2)-ideals of S and 
a & S. Then there exist x,y,z,p G S' such that a = axa = axaxa (since S is regular) = 
ax(ya^^)xa(since S is intra-regular) = (oxya) (a2;a;a) = {axypa'^){azxpa'^){S is left 
regular). Now 

fiA{cixypa^) = iJ,A{axypaa) = iJ,A{axyp{aa)) > min{/XA(a), //^(a), /XA(a)}(since A is 
intuitionistic fuzzy (l,2)-ideal of S) = /x^(a) 

and 

UAicLxypa^) = UA{axypaa) = VA{0'Xyp{aa)) < ma.-K{vA{o)-,i^A{o),UA{a)} {since A is 
intuitionistic fuzzy (l,2)-ideal of 5") = ua{o,). 

Similarly we can have fxsiazxpa'^) > /LtB(o) and UB{azxpa^) < VB{a). Then 

((/^A)?a°(/^B)?a)(a) = sup mm{{nA)%{m),{nB)%{n)} 

a=mn 

= sup min{^ • //^(m) + a, P ■ iJLB{n) + a} 

a=mn 

= j3 ■ sup min{//^ (m) , ;U s (n) } + a 

o=mn 

> /3 • min{/x^(axyj)a^), /UB(azxpa^)} + a 
(since a = {axypa^){azxpa^)) 

> 13 ■ min{/i^(a), jiB{a)} + q (since A and B are intuitionistic 
fuzzy (1, 2)-ideals of S) = min{/3 • ^^(a) + a, /3 • ^sio) + ct} 
= min{(//A)Ja(a)> (/^B&Co)} = n (Ms)g,)(o) 

and 

i.M$o.°M%){.a)= inf max{(i.A)g,(m),(z/B)g,(n)} 

a=mn 

= inf max{^ ■ UAirn) — a,P ■ VB{n) — a} 

a=mn 

= /3 • inf max{i/yi(m), J^B(n)} — a 

a=mn 

< 13 ■ max{z/^(axypa^), usiazxpa^)} — a(since a = {axypa^){azxpc? 

< 13 ■ max{zyyi(a), J^B(a)} — a(since A and B are intuitionistic 
fuzzy (1, 2)-ideals of S) = max{/3 • //^(a) — a, /? • J^B(a) — a} 
= max{{uA)%,{a), M^aia)} = {{i^A)^a U M^a){a)- 

Hence A'^^ °B^„ D A'j^^ n B^'^ and (1) follows. Similarly we can prove that B^^ 
oA'^^ D A'^^nBg^. Combining these two results we can obtain (2). Hence the proof. □ 
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The following proposition can be proved by routine verification. 

Proposition 3.27. Let A = {^a^^a) be an intuitionistic fuzzy right ideal and B = 
ifJ-B, i^b) be an intuitionistic fuzzy left ideal of a semigroup S. Then A o B O An B . 

Proposition 3.28. Let S be a regular semigroup, A = {fiA,t^A) be an intuitionistic 
fuzzy right ideal and B = {ubi^b) be an intuitionistic fuzzy left ideal of S. Then 
AoB ^ AnB. 

Proof. Let c G S. Then there exists an element x € S such that c = cxc(since S is 
regular). Then 

ifJ-A o fJ'B){c) = sup{mm{iJ,Aiu), hb{v)}} 

c=uv 

> min{^^(c),/XB(c)} = (ha H /iB)(c) 

and 

{uA o i^b){c) = inf {ma.x{i^Aiu),UB{v)}} 

c=uv 

< max{zy^(c), ub{c)} = {va U ^'b)(c). 
Hence Ao B^ Ai^B. □ 

Definition 3.29. |10j Let be a semigroup. Let A and B be subsets of S. Then the 
multiplication of A and B is defined as AB = {ab G S : a E A and b G B}. 

Theorem 3.30. \10\ A semigroup S is regular if and only if RD L = RL for every 
right ideal R and every left ideal L of S. 

Theorem 3.31. For a semigroup S, the following conditions are equivalent: 

(1) S is regular, 

(2) A o B = A n B for any intuitionistic fuzzy right ideal A = {fj,A,i^A) o.nd any 
intuitionistic fuzzy left ideal B = {fiB, ^b) of S. 

Proof. (1) =^ (2) : Let S be a regular semigroup. Then by Proposition 3.27 and 3.28, 
we have Ao B = An B. 

(2) (1) : Let L and R be respectively a left ideal and a right ideal of S and x G 
RnL. Then x £ R and x G L. Hence {xL{x),XLi^)) = iXRi^)^XRi^)) = (l,0)(where 
XL (3;) and xr{^) are respectively the characteristic functions of L and R). Then 

(.XRf^XL){x) =mm{xR{x),XL{x)} = 1 and {xr^Xl){x) = t^^^{Xr{x),Xl{x)} = 0. 

Now by Theorem 3.15, {xl,Xl) and (xr^Xr) are respectively an intuitionistic fuzzy 
left ideal and an intuitionistic fuzzy right ideal of S. Hence by the hypothesis we have 

{XR°XL)ix) = I, i.e., sup [m.m{xR{y),XL{z)} ■.y,z£S] = l 

x=yz 
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and 



{Xr ° Xl){x) = 0, i.e., inf [max{xR(y), : y, 2 G 5] = 

x=yz 

This implies that there exist some r,,s E S such that x = rs and X/i'X'^') = 1 = 

and Xnif) = = XlI^)- Hence r £ R and s E L. Hence x € RL. Thus Rn L C. RL. 

Also i?L C Rn L. Consequently, i?L = RO L. Hence S is regular. □ 

Theorem 3.32. For a semigroup S, the following conditions are equivalent: 

(1) S is regular, 

(2) A'j^^ °B^a ~ ^'pa ^'pa J^'^^ ^^2/ intuitionistic fuzzy right ideal A = (//^, i/^) and 
any intuitionistic fuzzy left ideal B = {ij,b,i^b) of S. 

Proof. (1) ^ (2) : Let 5 be a regular semigroup, A = (/it^, ua) be an intuitionistic 
fuzzy right ideal and B = (hbt'^b) be an intuitionistic fuzzy left ideal of S. Then by 
Theorem 3.9, A'j^^ is an intuitionistic fuzzy right ideal and B^'^ is an intuitionistic fuzzy 
left ideal of S. Hence by Theorem 3.31, A^^ oBg^ = n B^^. 

(2) =^ (1) : Let L and R be respectively a left ideal and a right ideal of S and x G 
RD L. Then x E R and x e L. Hence (xL(a?), = (X-r(^)) Xr(^)) = (l,0)(where 
XL (a;) and X-r(3^) ai's respectively the characteristic functions of L and R). Since x E L, 
Xl(^) = 0- This implies that /3 • XL(a;) = 0. Hence inf{/3 • XlI?/) • 2/ ^ 'S'} = 0. Since 
a E [0, inf{/3 ■ XLiv) '■ V ^ ^}]^ a = 0. Similarly, we can show that ii x E R, then also 
a = 0. Then ((xl)?Jx), (xl)^^^)) = ((xr)?J^), (Xr)?« = (/9,0). Thus 

((XR)?a n {XL)pa){x) = min{(xR)ga(x), (xL)g„(a;)} 

= /?• 

and 

((Xii)?a U (XL)?a)(^) = ^^{iXR)pa{x), (XL)?a(^)} 

= 0. 

Now by Theorem 3.15, (xLj Xl) and (xr^Xr) respectively an intuitionistic fuzzy left 
ideal and an intuitionistic fuzzy right ideal of S. Hence by Theorem 3.9, ((xL)ga' (XL)|aa) 
and ((xi?,)^Q5 (x_r)^q,) respectively intuitionistic fuzzy left ideal and intuitionistic 
fuzzy right ideal of S. This together with the hypothesis gives 

{{XR)pa o iXL)0a){x) = P 

i.e., sup [min{(xii)g,(y), {Xhfpai^)} ■.y,zES] = P 

x=yz 

i.e., sup [min{/3 • XRiv) + a, /? • Xl{z) + a} : y, z E S] = P 
x=yz 

i.e., p. sup [min{xi?(y), Xl{z)} ■.y,zES] + a = P 

x=yz 

i.e., p. sup [min{xii(y), Xl{z)} ■.y,zES] = ^(since a = 0) 

x=yz 
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and 



((Xi?)^a°(XL)^J(a;)=0 

i.e., inf [max{(xj?)^a(y), (XL)?a(^)} ■.y,zeS]=0 

x=yz ^ ^ 

i.e., inf [max{;9 ■ Xii(y) - a, P -xdz) - a] : y, z e S] = Q 

x=yz 

i.e., p. inf [max{xR(y), Xl(2;)} ■.y,zeS]-a = 



i.e., 13. inf [max{xi?(y), Xl(^)} -y.z e S]= 0(since a = 0) 
Hence sup [min{xii(y), Xl{z)} : y,z e S] = I and inf [max{xij(y), Xl(^)} : y,^; G 

x=yz x—yz 

S] = This implies that there exist some r,s e S such that x = rs and Xil('') = 1 = 
X-l('5)) Xni^) = = Hence r ^ R and s G L whence x G Thus RDL C RL. 

Also i?L C Rn L. Consequently, RL = Rn L. Hence S is regular. □ 

Remark 1. If we put /3 = 1 (respectively a = 0) in intuitionistic fuzzy magnified 
translation then it reduces to intuitionistic fuzzy translation(respectively intuitionistic 
fuzzy multiplication). Consequently analogues of Theorems 3.4-3.6,3.8-3.11, Theorem 
3.14-3.15, Theorem 3.17,3.19-3.20,3.22,3.25-3.26,3.32 and Corollary 3.12 follow easily 
in intuitionistic fuzzy translation and intuitionistic fuzzy multiplication. 
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